This paper analyzes empirical income distributions and proposes a simple stochastic model to explain the stationary distribution and deviations from it. Using the individual tax returns data in the U.S. and Japan for 40 years, we first summarize the shape of income distribution by an exponential decay up to about the 90th percentile of income and a power decay for the top 1 percent. We then propose a minimal stochastic process of labor and asset income to reproduce the empirical characteristics. In particular, the Pareto exponent is derived analytically and matched with empirical statistics.
Introduction
This paper characterizes the historical shape of income distributions in the U.S. and Japan and proposes a simple two-factor model to reproduce the stationary distribution and deviations from it. Our goal is to explain the parameters of the income distribution by a set of fundamental economic parameters.
Our research is motivated by the recent development on the analysis of powerlaw tail distributions. Since Pareto, it has long been known that the tail of distribution of income or wealth w universally obeys a power-law distribution w −α for a constant α around 1.5-2.5. A multiplicative process of wealth accumulation has been a standard explanation for the heavy tail. This explanation makes a good economic sense, because the rate of return for asset is a stationary process. Gibrat's celebrated "law of proportionate effect" first embodied the idea that the multiplicative process generates a log-normal evolution of distribution. Kalecki [10] observed, however, that the variance of empirical log income does not grow linearly in time such as in the log-normal process. A successive surge of research, notably by Champernowne [3] , Simon [16] , and Rutherford [15] , modified the process by introducing state-dependent multiplicative shocks. Recently, the field has been stimulated by studies on a reflected multiplicative process (Levy and Solomon [12] ) or a closely related Kesten process (Sornette and Cont [17] and Takayasu et al. [19] ) which have revealed the effect of a reflective lower bound on the tail of the stationary distribution.
The reflective barrier model provides economists with an interestingly sharper structure in the multiplicative processes than the previous models do. In a seminal paper, Gabaix [8] constructed an economic model of city size distributions by utilizing this structure and suggests its application to income distribution tails. Levy [13] also derived the power-law distribution of wealth in the same framework. We extend this literature by incorporating the labor wage process in the wealth accumulation process. This paper builds upon the idea that the savings from labor income serve as the reflective lower bound of asset which accumulates multiplicatively. Our model of personal income consists of an asset accumulation process and a wage process. The asset accumulation process is multiplicative due to the stationary random asset returns. The wage process is assumed additive, reflecting the productivity heterogeneity. We show that this simple process can successfully reproduce the empirical distribution of income. In particular, the model can reproduce the particular transition of the distribution shape from the middle part which decays exponentially to the tail part with decays in power.
This model also allows us to derive the tail exponent of the distribution α analytically. Approximately, the exponent α is simply one plus the ratio of the savings from labor income to the asset income. This formula intuitively captures the dynamics behind the power-law tail. The savings are the inflow of wealth into the tail part, and the asset returns are the inequalizing growth within the tail part. The tail becomes flatter when the asset returns boost, and it becomes steeper when the inflow from the middle part increases. Moreover, if the asset income exceeds the savings in amount, α is less than two and the variance of income distribution diverges to infinity. When the savings are more than the asset income, α is greater than two and the income distribution has a finite variance. In this sense, the stationary distribution of income qualitatively differs depending on the balance between the savings and the asset income. GDP statistics show that the investment and the asset income are about the same in level historically, which is consistent with the empirical fact that the Pareto exponent is about two.
The multiplicative asset process generates a power-law distribution, and the additive wage process generates an exponential decay. This observation motivates our parametrization of empirical income distributions. We use the tax returns data in the U.S. and Japan for 40 years. The former data sets have been utilized by Feenberg and Poterba [5] and Souma [18] to estimate the Pareto exponent. We also use the list of top Japanese taxpayers compiled by Fujiwara et al. [7] . The list covers about 80,000 individuals. It provides a compelling evidence to the long held conjecture that the tail distribution follows a Pareto (or a power-law) distribution. The thorough collection of data in the population makes the tax returns suitable for the study of the shape of income distribution especially in its heavy tail, whereas the absence of demographic attributes by the nature of tax returns has kept the researchers of earning distributions from utilizing the data.
The data shows that the distribution of adjusted gross income in tax returns consists of three different parts: the top 1 percent, the middle part above about the 10th percentile, and the lower part which we exclude from our study for not being representative as an income distribution. We observe that, throughout years and countries, the middle part is characterized by an exponential distribution, and the top part is characterized by the Pareto distribution. This mixed pattern was proposed by Dragulescu and Yakovenko [4] . Although the data does not exclude various alternative parametrizations such as discussed in Bordley et al. [1] , we choose this parametrization on the ground that it allows an economic interpretation with our model. We do not simply fit the income distribution by parametric functions or simulated distributions, but we do so only in the perspective of an economic model which enables us to interpret the result. The model also provides interpretation of fluctuations in the Gini coefficient. We demonstrate that the historical fluctuations in the Gini coefficient can be decomposed into two factors: the real wage growth which affects the middle part and the real asset return which affects the tail.
The rest of the paper is organized as follows. Section 2 explains the tax returns data set we use, and characterizes the income distribution shape. Section 3 presents the model and derives the Pareto exponent analytically. Section 4 shows the simulation results. Section 5 concludes the paper.
Empirical distributions of income

Data
We use the individual income tax returns data in the U.S. and Japan from 1960 to 1999. The data records the number of taxpayers for various income strata. The number of bins is 15 to 30 for the U.S. data and 11 to 14 for Japanese data. The tabulated data of the U.S. tax returns is provided by Statistics of Income database of the Internal Revenue Service. The Japanese tax returns data is provided by National Tax Agency and tabulated as in Souma [18] .
Additionally, we use Japanese tax returns data for all the individuals who pay income tax more than 10 million yen. The data on top taxpayers is made publicly available by the same agency. The length of the list varies around 80,000. As far as we know, this is by far the most extensive list available on the distribution of high income earners. The method to convert the income tax to income is described in Fujiwara et al. [7] .
The tax returns data has a distinctive merit for the study of the shape of income distributions. It provides an exact rank-size relation at the threshold of the bins, unlike sampled survey data which always suffers sampling errors. The sampling error is most severe for the high income range, because income distributions typically have a heavy tail and thus the sampled data contains few observations in this range. Moreover, the range covered by all the bins is relatively wide. The top bin corresponds to at least the 99.9 percentile and sometimes extends to the 99.999 percentile. Besides, our data on Japanese top taxpayers provides us with a decisive testing power for parametric examination of the tail distribution. The tax returns data has a disadvantage as well. Since there is no demographic data associated with the income tax data, we cannot study how the income level is attributed to demographic factors. For this reason we entirely focus our study on the shape of the distribution.
We exclude the part below the 10th percentile of the tax returns distribution data out of the scope for the following reasons. First, the lower portion of the tax returns is considered to include those who have other means to sustain their consumption, such as transfer within family. Also, their adjusted gross income is considerably different from income due to the exemptions. Hence the gross adjusted income is not considered representative for the distribution of income for this range. Figure 1 shows the distribution of adjusted gross income for the U.S. and Japan in 1999. The distribution is cumulated from the top. The top panel shows the entire distribution in log-log scale. The bottom panel shows the distribution up to 200,000 U.S. dollars in semi-log scale. The Japanese income is converted to U.S. dollars by an average exchange rate in 1999. The following two features are evident in the plot, as proposed in Dragulescu and Yakovenko [4] for British and the U.S. income distributions. First, the top panel shows that the distribution decays in power for the top 1 percent, which can be seen by the linearity in the log-log plot. The Japanese data with top taxpayers clearly shows the good fit with a power-law distribution:
Stationary distribution
Secondly, the bottom panel shows that the middle portion of the distribution fits well with an exponential distribution:
The exponential distribution fits well from around the 30th percentile to the 90th percentile for the Japanese data. It fits almost all part below the 90th percentile for the U.S. data. We call α a Pareto exponent. The β represents the standard deviation of the exponential distribution. 1 The pattern that the distribution decays in power in the tail and decays exponentially in the middle is found for all 40 years in the U.S. and Japan. Figure 2 shows the plot for all the years. Figures 3 and 4 show distributions normalized by average income of each year in log scale and in semi-log scale, respectively. We observe that the plots collapse well by the normalization, and that α and β slowly fluctuate around the stationary level over time. Hence, we view the income distribution dynamics as a stationary distribution with a multiplicative shift in the first approximation. This corresponds to the fact that the income distribution does not follow a log-normal process in which the logvariance grows linearly in time. The stationary levels of α and β are plotted by dashed lines in the panels in Figures The tails of the top taxpayers for 1987-1999 in the bottom panel of Figure  3 provide us with a compelling evidence that the tail obeys a power-law distribution. We also notice that the tail slope around the 99.5th percentile extends well to the further tail in the normal years during the latter 90s. However, in the years of volatile financial market, such as the bubble and burst of stock and land prices around 1990 in Japan, the slope at the 99th percentile does not represent the slope of the further tail.
The empirical distributions lead us to the following hypothesis. The stationary distribution of income consists of two parts. The top 1 percent follows a power-law distribution. The middle part that covers from the 10th percentile to the 90th percentile of the population is approximated by an exponential distribution. The hypothetical distribution is described by 4 parameters: the Pareto exponent α, the standard deviation of the exponential distribution β, the lower bound of the exponential distribution w 0 , and the income level at which the two distributions meet.
Fluctuation of distribution
We can quantify the fluctuation of the shape of income distributions by estimating α and β for each year. The α is the slope of the tail in log-scale, thus the larger the α the more equal the distribution among the richest. The β is the standard deviation of the exponential distribution for the middle. Thus the larger the β the less equal the distribution of the middle part is. The estimates are shown in Figure 5 . The top panel shows the time series of α obtained by a linear fit to the log-scaled cumulative distribution for the points greater than the 97 percentile. The time series behave quite similarly to the estimates by Feenberg and Poterba [5] for the U.S. and by Souma [18] for Japan. The bottom panel shows β, which is estimated by a linear fit to the semi-log plot for the range from the 10th percentile to the 90th percentile.
The fluctuation of α appears anti-correlated with the asset returns. We observe that the U.S. exponent stays high during the stagnation in the 1970s and declines during the stock boom periods in the 80s and 90s, which corresponds to the increasing inequality of wealth in the same period (Wolff [20] ). Japanese exponent also declines during the bull years in the 80s and has a sharp rebounce after the crash. The sharp decline of the exponent around 1970 in Japan seems to correspond with the real estate boom in the period.
The standard deviation of the exponential distribution β shows a persistent difference between the two countries. The U.S. distribution has been less equal than the Japanese in the middle part. In the U.S., the dispersion becomes larger during the 60s and 70s, and a reversed trend is observed in the latter 90s. In Japan, it declines during the economic high growth years and rebounded at the end of the period in the mid 70s.
Gini coefficient is the standard measure of the inequality of overall distribution, whereas our α and β provide two different measures corresponding to the tail and the rest. Thus we can decompose the Gini coefficients into the effects of α and β. A simple regression confirms this point. Table 1 shows the ordinary least square result for the regression of the first-order difference of the Gini coefficients on the first-order difference of estimated α and β. Namely, if we denote the Gini coefficient and the regression coefficient by g t,i and b i respectively for year t and country i, then the demeaned estimation equation is
for all the years 2 t and country set i ∈ {U.S., Japan, Pooled}. In the pooled regression, the coefficients to α and β are pooled whereas dummy variables are assigned for the two countries. The Gini coefficient is calculated by using the part from the 10th percentile to the 100th percentile of the taxpayers in order to be consistent with other measures used in this paper. In the table, the contributions of α and β on the variation of g are also reported, assuming that the α and β are independent. We confirm a significant effect of the tail (α) on the fluctuation of the Gini coefficients.
Lorenz curve provides us with another useful information other than the Gini coefficient. The curve reads that roughly 80 percent of the income belongs to the taxpayers less than the 90th percentile. Thus the mean income of those taxpayers is about 0.9 in terms of the mean income for all the taxpayers. Since the exponential distribution for the middle has mean w 0 + β, we can calculate the lower bound w 0 of the fitted exponential distribution from the estimate of β. It turns out that w 0 in Japan is more than 0.3 whereas w 0 in the U.S. is close to zero.
To summarize our findings, we have seen that the empirical distribution of income persistently exhibits a partucular shape both in the U.S. and Japan. The distribution is stationary after normalization by average income, and the shape is hard to fit with a familiar probability distribution entirely. We choose to characterize the distribution by dividing into the rich part and the middle part. The key parameters are the Pareto exponent α and the mean of the exponential part β. Different patterns of oscillations are observed in the estimated parameters in the time series.
Model
In this section we propose a simple stochastic model of income process. We show that the model can match the empirical distribution of income and wealth. The process is quite parsimonious as a model of personal income which in reality involves many important variables, but its simplicity earns us an analytical insight and intuition for the dynamics behind the peculiar shape of the empirical income distributions.
The process consists of an asset accumulation process a(t) and a labor income process w(t). The asset accumulation follows a multiplicative process. Let γ denote the random returns to asset. Then:
where c(t) denotes the consumption. We assume that the log return log γ(t) follows a normal distribution with mean y and variance x 2 . This is consistent with the case when the asset return is stationary in continuous time.
We assume that the labor income evolves as an additive process with a reflective lower bound as follows.
The trend growth rate of the labor income is denoted by u. The reflective lower boundw(t) grows deterministically at the rate v. The reflective lower bound is interpreted as a subsistence level of income, since the worker below the subsistence income will have to seek another job to sustain the labor force. The additive shock term s (t)w(t) represents heterogeneity of labor productivity across workers and time. The random shock (t) follows a standard normal distribution, and constant s determines the standard deviation.
In the simulation we specify the consumption c(t) as a linear function in asset and disposable income:
Note that the subsistence incomew(t) determines the minimum level of consumption. Finally, we define a normalized income I(t) =Ĩ(t)/E[Ĩ(t)] where:
This model offers an analytical characterization of the stationary Pareto exponent. The power-law distribution for the top portion of income parallels the power-law distribution of asset. The power-law of asset is generated by the reflected multiplicative asset accumulation process as in Levy [13] . In our model, the reflective barrier for the asset accumulation is savings from labor income. To see this, let us rewrite Equation (3) by normalizing by average asset as:
whereâ(t) ≡ a(t)/ a(t) , g(t) is the growth rate of average asset a(t) , and s(t) is savings from labor income s(t) ≡ w(t) − c(t). If s(t) is positive and independent of a(t) and γ(t), and if E[γ] < g, then this process is called a stationary Kesten process. Let us define z as the steady state value of s(t)/ a(t) . Also define g as the steady state value of g(t). By applying the formula in Gabaix [8] , the power-law exponent of the stationary distribution ofâ is derived as α = 1 − log[1 − z/g]/(x 2 /2). Since the savings-to-asset ratio z is sufficiently close to zero, we can approximate the expression as α ≈ 1 + z/(gx 2 /2). This formula of α provides rich implications on the universality of the powerlaw exponent of the income and wealth distributions. Note that x 2 /2 is the contribution of diffusion to mean growth rate of asset: log(E[γ]) = y + x 2 /2. Thus a(t) g(t)x 2 /2 is interpreted as the contribution of risk premium to the mean asset growth in period t + 1. Hence, a ratio of the savings from labor income to the asset income accrued to risk premium determines the stationary Pareto exponent. Our data later shows that the trend asset growth y is not an important contribution to the asset income for the rich. If this is the case, all the asset income is generated by the diffusion, and the ratio simply becomes the savings from labor divided by the asset income next period.
In this formula, the Pareto exponent becomes two when the savings are equal to asset income. The power-law distribution has a diverging variance when α is less than two. (The infinite variance means that a sample variance grows unboundedly as the sample size increases.) Our formula thus implies that the variance of stationary distribution of income is infinite if the asset income exceeds the savings, whereas it is finite otherwise. In other words, the stationary distribution of income is qualitatively different depending on whether the asset income exceeds the savings. Our data shows that the Pareto exponent historically fluctuates around two. Thus the economy goes back and forth between two different regimes with respect to the second moment of income distribution.
It is also known that the power-law distribution has a diverging mean when α is less than one. A diverging mean implies that highest individual income is of the same order as the average income (see Feller [6] ). In our model, the stationary α is always greater than one. Thus our model shows that the income dispersion due to stationary random asset returns does not lead to as much of inequality as α < 1 where the mean diverges, if the savings from labor income grow fast enough to work as the lower bound of asset accumulation.
GDP statistics support the validity of our formula for the Pareto exponent. For the U.S. data, we estimate the ratio of the savings to the asset income by the private investment divided by the sum of asset income and proprietors' income in the next period. Our formula gives 1.8 for the average Pareto exponent whereas the estimated average Pareto exponent is 2.1. For Japan, the ratio is estimated as the private investment divided by the operating surplus. Our formula provides 2.1, which coincides with the estimated average Pareto exponent.
Let us note that the normalized asset converges to a power-law distribution only if the growth rates of the savings and the asset income balance. If the asset income grows consistently faster than the savings, then the asset accumulation is a log-normal process and the estimated α decreases over time. This fact is suggestive for the apparent constant growth in the log variance of the U.S. distribution in these two decades. The constant decrease in α during this period might be due to the structural inbalance in the growth rates of savings and asset income rather than the change in the stationary distribution.
The labor income is assumed an additive process with a growing reflective lower bound. We obtain a normalized labor incomeŵ(t) by dividing the process (4) by the average income which grows at v in the stationary growth:ŵ(t + 1) = (u/v)ŵ(t)+s (t). The normalized process is a stationary AR(1) if u < v, namely, the lower bound grows faster than the trend growth. The diffusion coefficient s determines the wage differentiation effect. The diffusion effect balances out the mean-reverting force u/v at the stationary state. Thus the stationary distribution ofŵ has larger variance when u/v is close to one or s is large.
The mean-zero shock of wage contributes to the average growth when the process is near the reflective lower bound. A job creation-destruction dynamics can be considered behind this process. A job disappears when it cannot afford a subsistence level of consumption of a worker, and then a new job is created at the subsistence level by a new industry. Also we can consider a minimum wage scheme, unemployment compensation, and government-funded jobs as the factors behind the reflective lower bound.
The additive process is one of the simplest representations of the wage process which generates the stationary degree of differentiation when the average labor income grows. We can consider a productivity shock as the main risk of the wage process. In this sense, this is a wage process of a job rather than an individual. An individual labor income process is clearly affected by demographic factors such as experience and life-cycle as well as sudden probabilistic events such as health and unemployment risks. As long as we are concerned with the overall shape of the distribution, however, the distribution of wage for jobs should coincide with the distribution of individual wage. We can consider that a job is a vehicle of an individual wage which individuals switch due to demographic or individual risk factors. This reshuffle of the job-worker match causes the discrepancy between a process of an individual's wage and of a job's wage, but the distributions of the two processes coincide. However, this interpretation does not match the the correlation structure between labor income and asset accumulation specified in our model. This interpretation is useful only to interpret the exponential decline of the wage income.
The asset income is set equal to the asset multiplied by the mean growth rate of asset E[γ(t) − 1]. In reality, the realization of the asset income from the asset growth can happen in various ways. The capital gain or loss typically realizes once in some years. It is not immediately clear how the timing of the realization (and taxation) of the asset income affects the distribution shape. To simplify, we assume a constant rate of the asset income realization. The constant is chosen so that all amount of the asset growth is eventually realized and taxed. If the rate is less than E[γ(t) − 1], then there is a portion of asset growth which is not counted as income in the long run. If the rate is bigger, then the realized asset income eventually becomes bigger than the accumulated asset itself.
We will not try to match the factor distributions in our simulation, because the notion of labor and capital in our model does not exactly correspond to the notions in the tax account. Our tax returns data does include break-down of the income into basic factors such as labor and asset. The distribution of labor income (salary and wage) in the U.S. is almost identical to the total income distribution. In Japan, the labor income matches the lower and middle part and the asset income matches the power-law part. In our model, the asset income is broadly associated with any income that is derived from accumulable factor. An important example is human capital. Another example is the salary of CEO which should correlate strongly with the capital size and capital growth rate. Thus the income classified as asset income in our model is filed as labor income in the taxation system.
Simulation
Stationary distribution
The stochastic process proposed in the previous section generates a stationary distribution of the normalized income I(t), and it matches the empirical distribution with a plausible set of parameter values. Figure 6 shows the simulated and empirical income distributions for Japan in 1999. The plot also shows the empirical household wealth distribution and simulated individual wealth a(t)/E[I(t)]. The empirical wealth distribution shown is a distribution of household wealth in Survey of Consumers in 1999. We also plot Lorenz curves in Figure 7 for both simulated and empirical data. We see that the fit is quite good.
The parameter values for the simulation are obtained as follows. We note that the average labor income, the average asset income and the lower barrier must grow at the same rate at the balanced growth. Thus, we use the timeaverage growth rate of the nominal income per capita for the parameter of the bound growth rate: v = 1.0673 for the period 1961-1999. The trend growth rate of labor income, u, reflects an automatic growth in nominal wage. We use an average inflation rate for u, which is 1.0422 for the same period.
The log-variance of the asset return x 2 is estimated from top taxpayers data. The data contains the growth rate of individuals who paid income tax more than 10 million yen in 1997 and 1998. The distribution of the growth rate is shown in Figure 8 . The log of the income growth rate is symmetric, and the tail follows a power-law distribution. The scatter plot of the income for the two years in Fujiwara et al. [7] also exhibits symmetry in the density function (Pr(I 1997 , I 1998 ) = Pr(I 1998 , I 1997 )). These two observations point to that the tail distribution of the income growth rate strongly reflects temporal income such as bequest. Hence we truncate the tail at the point where the power-law takes place, and thus only use the range 1/3 < I 1998 /I 1997 < 3 to estimate the logvariance. In order to eliminate the upper bias due to the censoring of the data at 10 million yen, we use the sample only if the 1997 income tax is greater than 30 million yen. The estimated x is 0.3122.
The log-mean of the asset growth y cannot be estimated by the same growth rate data, since 1997 was not a typical year in financial markets and the average growth rate was negative. In general, asset markets suffer considerable aggregate shocks across years. Thus we estimate y by using a time-average growth rate of NTA data t=100, Gini=0.304 t=200, Gini=0.309 t=300, Gini=0.304 t=400, Gini=0.308 t=500, Gini=0.307 Hence the log-mean is derived from the formula of log-normal mean as y = 0.0595 − x 2 /2.
The propensity to consume from asset, b = 0.059, is chosen from the empirical range (0.05-0.1) estimated from Japanese micro data in 1990s by [9] . The linear specification of consumption function does not affect our simulation result much as long as the marginal propensity to consume from asset for the high asset range is held in the empirical range, because the consumption function most crucially affects the accumulation rate of asset for the high asset group in our simulation. The standard deviation of labor income shock s determines the level of income for the middle class. We chose s = 0.32 to fit the middle part of the empirical distribution. We run the stochastic process for 100,000 agents.
The same model can simulate the U.S. distribution well with the different values of parameters. Figure 9 plots the income distribution in the U.S. in 1971 and the simulated stationary distribution. We chose the year 1971 so that the bins in our data extend well in the tail part of the distribution (the tail extends to the top 0.001 percentile). The parameters are estimated by the same method as for the Japanese data. The lower bound growth rate is determined by the growth rate of average income for 1961-1970: v = 1.0525. The trend wage growth rate is estimated by the inflation rate for the same period: u = 1.0308. We assume that the log-variance of the asset returns is the same as in Japan: x = 0.3122. The log-mean of the asset returns is estimated by using x and the time-average growth rate of Dow-Jones industrial index as y = −0.029. Parameters s and b are set free. The standard deviation of the labor shock, s, is set 0.37 and the asset propensity to consume, b, is set 0.018. The number of agent is 100,000. The good fit shown by the plot indicates that our parametric specification is versatile enough to produce realistic distributions for different economies. The model also enables us to discern what economic parameters correspond the different shapes of income distributions. The standard deviation of the exponential distribution β is larger in the U.S. than in Japan. The simulation parameters suggest that the larger s and smaller v − u contribute to the larger β in the U.S. Also, the Pareto exponent α is larger in the U.S. in 1971 than in Japan in 1999, which corresponds to the smaller b and y in the U.S.
Fluctuations
We conduct a sensitivity analysis by simulation to see that the changes in parameter explain the fluctuations of the distribution. Figure 10 summarizes the results. In the top row, we observe that an increase in u or s increases β while the tail exponent α is unaltered. The bottom row shows that an increase in b or 1971 US data t=100 ( w / I total = 0.629 ) t=200 ( w / I total = 0.617 ) t=300 ( w / I total = 0.624 ) t=400 ( w / I total = 0.621 ) t=500 ( w / I total = 0.620 ) Figure 9 : Simulated stationary distribution for the U.S. a decrease in x increases α while β is unaltered. Note that the log-mean of the asset returns y has the similar effect as −b, since it affects the asset growth rate γ(t) − b through its mean e y+x 2 /2 − b. Thus a decrease in y increases α just as an increase in b does. We also observed in simulations that an increase in v decreases β and increases α. Note that v is the growth rate of average income, which is the normalization factor. Hence the true growth parameters that determine the stationary distribution should be taken relative to v. Namely, u − v instead of u determines the exponential mean β, and y − v instead of y determines the Pareto exponent α. We also show the Gini coefficient for each distribution in Figure 10 . The calculated coefficient varies considerably as the parameter changes. Plausible range of fluctuations of our parameters can span the range of Gini coefficients we observed in the data.
We test if the effects of our fundamental parameters u − v and y − v on the Gini coefficients are statistically significant in the data. The u − v is the relative trend growth of the middle part, and as in Figure 10 , an increase in u−v increases the standard deviation of the middele, β. In our calibration, v − u is set equal to the real wage growth. The y − v is the relative trend growth of asset, and its effect is equivalent to the effect of −b − v. Hence Figure 10 shows that an increase in y − v lowers α, and thus worsens the inequality. In the calibration, y − v is the real asset price growth relative to the real wage growth. Table 2 shows the regression result. The estimated equation is g t − g t−1 = b u (u t − v t ) + b y (y t − v t ) + t , where the difference in Gini coefficient g t − g t−1 is demeaned. The estimated coefficients have the right sign in the Japanese data, namely an increase in u − v or y − v increases the Gini coefficient, and they are significantly different from zero. In the U.S. data, the coefficient of y − v has the right sign significantly, but the coefficient of u − v is significantly negative. The estimated coefficients in the pooled data have the same pattern as in the Japanese data. Overall, the effects of u − v and y − v on the income inequality at the stationary distribution in our model seem consistent with our empirical observations on yearly fluctuations of the Gini coefficients.
Conclusion
This paper investigates the empirical shape of income distribution with a parametric specification motivated by the basic fact that income is derived from two different factors, labor and capital. Forty years of tax returns data in the U.S. and Japan reveal that the income distribution consistently obeys a particular shape of distribution if normalized by the average income each year. The distribution is described by an exponential distribution for the low to middle part of income and a power-law distribution for the top portion. In particular, the top taxpayers data clearly demonstrates the power-law in the tail. The power-law part has a stationary Pareto exponent about 2 and fluctuates in the range 1.3-2.6. The exponential part in Japan has a stationary standard deviation about 0.6 of the average income and fluctuates in the range 0.5-0.65. The standard deviation of the exponential part in the U.S. rose from about 0.75 to 0.95 in the 1960s and 70s and then declined to 0.8 by 1999.
A simple stochastic process model of labor and asset income can explain this particular shape. We assume that the labor income follows an additive process with a growing lower bound, and the distribution of asset returns is independent of the asset size. The additive process of labor income generates the stationary exponential distribution for the middle part of the distribution above a subsistence level of income. The savings from labor income behaves as the lower bound of the asset accumulation process. We characterize the tail exponent analytically. Our formula provides a rule-of-thumb relation between the Pareto exponent and macroeconomic statistics. Historically, the savings and the asset income are of the same magnitude, and it explains the stationary level of historical Pareto exponents. A simulation with calibrated parameters matches the middle and tail parts of the empirical distributions well. The model also explains the fluctuations of the shape of the distribution by change in the model parameters.
We leave it for a future research to implement our mechanism of income distribution in the dynamic stochastic general equilibrium model with heterogeneous agents bearing uninsurable risks. The income and wealth distribution in the DSGE models with incomplete insurance markets have been explored extensively, notably by Castañeda et al. [2] , Krusell and Smith [11] , and Quadrini [14] . The study has been successful in matching the distribution for a wide range of the population, but they have not yet successfully matched the tail part of the distribution. Our conjecture is that the DSGE model with non-hedged returns risk would generate the power-law distribution in the tail, and the tail exponent would find a representation by the fundamental economic parameters.
